Ahstract-We derive in a direct and rather straightforward way the null controllability of a 2-D heat equation with boundary control. We use the so-calledfiatness approach, which consists in parameterizing the solution and the control by the derivatives of a "flat output". This provides an explicit control law achieving the exact steering to zero. Numerical experiments demonstrate the relevance of the approach.
I. INTRODUCTION
The controllability of the heat equation was first con sidered in the I-D case [1]- [3] and very precise results were obtained by the classical moment approach. Next using Carleman estimates and duality arguments the null controllability was proved in [4] , [5] for any bounded domain in JR N , any control time T, and any control region. This Carleman approach proves very efficient also with semi linear parabolic equations [4] .
By contrast the interest for the numerical investigation of the null controllability of the heat equation (or of parabolic equations) is fairly recent: apart from [6] , the first significant contributions are [7] - [ 10] .
All the above results rely on some observability inequali ties for the adjoint system. A direct approach which does not involve the adjoint problem was proposed in [2] , [3] , [11] . In [2] a fundamental solution for the heat equation with compact support in time was introduced and used to prove null controllability. The results in [2] , [12] can be used to derive control results on a bounded interval with one boundary control in some Gevrey class, or on a bounded domain in JR N with a control supported on the whole boundary (see also [l3] ). An extension of those results to the semilinear heat equation in ID was obtained in [11] in a more explicit way through the resolution of an ill-posed problem with data of Gevrey order 2 in t.
In this paper we derive in a straightforward way the null controllability of the 2-D heat equation
with initial condition Lionel.Rosier@univ-lorraine.fr here (Xl, X2) belongs to the rectangle Sl := (0, L) x (0,1), t E (0, T), and 8 0 E L 2 (Sl). This system describes the dynamics of the temperature 8 in an insulated metal strip where the control u is the heat flux at one end.
More precisely given any final time T > 0 and initial state 80 E L 2 (Sl) we provide an explicit and very regular control input u such that the state reached at time T is zero, i.e.
8(T, Xl, X2)
We use the so-called flatness approach, [14] , which consists in parameterizing the solution 8 and the control u by the derivatives of a "flat output" y (section II); this notion was initially introduced for finite-dimensional (nonlinear) systems, and later extended to (in particular) parabolic PDEs,
[15]- [18] . Choosing a suitable trajectory for this flat output y then yields an explicit series for a control achieving the exact steering to zero (section III). Numerical experiments demonstrate the relevance of the approach (section IV). This paper extends [19] to the 2-D case, with moreover a more elegant and efficient construction of the control. This is probably the first example using flatness for motion planning of a "truly" 2-D PDE.
In the sequel we will consider series with infinitely many derivatives of some functions. 
By definition, a Gevrey function of order S is also of order In conjunction with growth estimates we will repeatedly use Stirling's formula n! rv (n/e) n .J21fn.
II. THE HEAT EQUATION IS " FLAT "
Let (ej k�o be an orthonormal basis of L 2 (0, L) such that each function e j is an eigenfunction for the Neumann Laplacian on (0, L), ie is a solution of
For instance Aj = ( T) 
B(t,X I ,O) = LZj(t)ej(XI). j ?O
We claim (1)- (5) is "flat" with z(t) := (Z j (t)) >0 as a J _ flat output, which means there is (in appropriate spaces of smooth functions) a 1 -1 correspondence between arbitrary functions t f-7 z(t) and solutions of (1)-(5).
On the one hand a solution B of (1)- (5) where we have set Yj(t) := eAj t zj(t). Clearly is then a formal solution of (1)- (5) uniquely defined by the y/s hence by z.
We now give a precise meaning to this formal solution by restricting the y/s to be Gevrey of order 8 E [1,2). Proof We must prove the formal series ar;a;,�a� 2 
Now by Stirling's formula
where R 2 < #; notice L2i?:n A2i -n < 00. Finally notice if we set
If 2R < 1.
Collecting the three previous estimates yields 
III. NULL CONTROLLABILITY
In this section we derive an explicit control steering the system from any initial state eo E L 2 (0,) at time 0 to the final state 0 at time T > O. Two ideas are involved: on the one hand thanks to the flatness property it is easy, by selecting a suitable trajectory for the flat output, to find a control achieving the steering to zero starting from a certain set of initial conditions; on the other hand thanks to the regularizing property of the heat equation this set is reached from any eo E L 2 (0,) when applying first a zero control for some time (lemma 1). 
where C is some positive constant depending only on eo .
Proof We can decompose eo as the I co e-().. ., + n 2 7r 2 ) T eo(x )V2cos(n7rx )1 < C e -().. j + n 2 7r 2 ) T .
The change in the order of summation will be justified once we have proved x 2i 2 2 0 ""' e -).. j T _ 2 _ l co I e -n 7r T (n7r) 2 2 < 00. � (2i)! J ,n i,j,n?:O . , 1 00
C2 is some positive constant and we have used Stirling's formula. On the other hand integrating by parts yields 1 00 2i -1 1 00
7'yZ7 where C3 is some positive constant and we have again used Stirling's formula. As a consequence where C is some positive constant. Finally X 2i 2 2 . '" e -Aj T _ 2 _l c . l e -n 71" T (n 7f ) 2 ' � (2i)! ) ,n i,j,n20
where the last series is clearly convergent.
• Theorem 2: Consider any 8 0 E L 2 (n), T > 0, 7 E (0, T) and 8 E (1,2). Then there exists a sequence (Y j ) j20 of Gevrey functions of order 8 on [7, T] 
steers system (1)- (5) Y ·· = h '" c· e -n 2 71" 2 T ( _ n 2 7f 2 ) i .
Clearly the functions f}j(t):= hLCj ,n e -n 2 71" 2t On the other hand the definition of CP s implies the Yj'S satisfy for all i, j 2:
so that 8(7 + ,XI,X2) = 8 T (XI,X2).
The proposed control u achieves the steering to zero: the solution 8 of (1)- (5) is then given by (6) and obviously satisfies 8(T, Xl, X2) = 0; by proposition 1 it is Gevrey of order 8 in t, 1/2 in Xl, and 8/2 in X2 on [7, T] x IT. Moreover u is also Gevrey of order 8 in t and 1/2 in Xl on [7 
It can be shown that for 10 :s: t :s: 7 the solution 8 of (1) (5) is Gevrey of order 1 in t and 1/2 in Xl, x2 on [10,7] X IT.
The proof is omitted since this fact is not used to design the control. To complete the proof we then only need to check the compatibility at t = 7, ie 8�8(7 + ,X I ,X2) = 8�8(7 -,X I ,X2) for all k 2: ° and X E IT. Indeed using the notations in the proof of lemma 1 8� 8(7 + ,X I ,X2) 2 i
m=O X h L C j, n e -n 2 71" 2 T ( _ n 2 7f 2 ) i + k -m n20 j,n20
Hence the solution e of (1)- (5) •
IV. NUMERICAL EXPERIMENTS
We illustrate the approach on a numerical example. The (6)- (7) and Fourier expansions have been truncated at a "large enough" order for a good accuracy.
The following figures are snapshots of the time evolution of the temperature from t = 0 to t = T -0.025 by increments of 0. 025 (the snapshot at t = T, being exactly 0, is omitted), followed by the complete time evolution of the control effort. An interesting question to study in the future is the tradeoff between 7 and T -7 to reach the zero state with the smallest control effort: longer regularization 7 or longer duration T-7 of the active control? 
